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DEGREE THREE COHOMOLOGY OF FUNCTION FIELDS OF
SURFACES
R. PARIMALA AND V. SURESH
Abstract. Let F be the function field of a surface X over a finite field. Let l
be a prime not equal to the characteristic of F . Our main result is a local-global
principle (with respect to discrete valuations of F ) for a class in H3(F, µ⊗3
l
) to
be written as the cup-product of a given symbol in H2(F, µ⊗2
l
) by some class in
H1(F, µl) ≃ F ∗/F ∗l. From this we deduce if F contains a primitive lth root of
unity, then any element in H3(F, µ⊗3
l
) is represented by a symbol, a result which
was previously known only for l = 2. The local-global principle also enables us
to show that if a threefold X over a finite field F (with char(F) 6= 2) admits
a conic bundle fibration over a surface, then the unramified cohomology group
H3
nr
(F(X)/F,Z/2) vanishes. Combined with earlier works, this gives a proof of
the integral Tate conjecture for one-cycles on certain classes of threefolds over F.
It also leads to a proof that the Brauer-Manin obstruction to existence of a zero-
cycle of degree 1 is the only obstruction for a certain classes of surfaces over global
fields of positive characteristic.
1. Introduction
Let k be a global field or a local field. It follows from class field theory that
central division algebras over k are cyclic. If k contains lth roots of unity, for a prime
l not equal to the characteristic of k, every element in H2(k, µ⊗2l ) is a symbol. A
natural question is whether a higher dimensional analogue of this result holds. More
specifically, let F be a function field in one variable over k (k being a global field or
a local field) which contains the lth roots of unity. Is every element in H3(F, µ⊗3l ) a
symbol? This question, for F = Qp(t) and l = 2 was raised by Serre ([24], §8.3) in
the context of the study of G2-torsors over this field.
Let F be the function field of a p-adic curve. In ([16], 3.9), we proved that every
element in H3(F, µ2) is a symbol for p 6= 2. In view of ([17], [8] and [12]), every
quadratic form in at least nine variables over the function field F of a curve over a p-
adic field has a non-trivial zero. In particular, every element in I3(F ) is represented
by a 3-fold Pfister form (cf. [17], 4.1) and by the surjectivity of the Arason invariant
([15]), every element in H3(F, µ⊗32 ) is a symbol. In ( [17]), we proved that every
element in H3(F, µ⊗3l ) is a symbol if l 6= p and F contains a primitive lth root of
unity. This was a key ingredient in the final proof ([17]) that over a function field
in one variable over a non-dyadic p-adic field, every quadratic form in at least nine
variables has a non-trivial zero.
We observe that if k is a global field of positive characteristic p 6= 2 and F a
function field in one variable over k, F is a C3 field and hence every quadratic form
in 9 variables over F has a non-trivial zero. In particular every element inH3(F, µ⊗32 )
is a symbol. In this paper, we prove that if l is a prime not equal to p and F contains
a primitive lth root of unity, then every element in H3(F, µ⊗3l ) is a symbol. The
main result of this paper is the following local-global principle (4.6, 4.8) which is a
key ingredient in the proof that every element in H3(F, µ⊗3l ) is a symbol.
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Theorem 1.1. Let k be either a p-adic field or a finite field of characteristic p. Let X
be a smooth projective integral variety over k and K the function field of X. Suppose
that X is a curve if k is a p-adic field and X is a surface if k is a finite field. Let
l be a prime not equal to p. Let α ∈ H2(K,µ⊗2l ) be a symbol and ζ ∈ H3(K,µ⊗3l ).
Suppose that for every discrete valuation ν of K there exists fν ∈ K∗ν such that
ζ = α · (fν) ∈ H3(Kν , µ⊗3l ), Kν being the completion of ν. Then there exists f ∈ K∗
such that ζ = α · (f).
Colliot-The´le`ne raised the following question ([5], cf. [6], Question 5.4).
Question 1.2. Let k be a finite field and l a prime not equal to the characteris-
tic of k. Let X be a smooth projective 3-fold over k and K its function field. Is
H3nr(K/k,Ql/Zl(2)) = 0?
The above local-global principle in the setting of function fields of curves over
global fields of positive characteristic not equal to 2 leads to an affirmative answer
to the above question for conic fibrations over surfaces over finite fields (6.3). In fact
we prove the following
Theorem 1.3. Let k be a finite field of characteristic not equal to 2. Let X be
a smooth, projective, integral surface over k and K its function field. Let n be a
natural number coprime to the characteristic of K and C a smooth conic over K.
Then H3nr(K(C)/k, µ
⊗2
n ) = 0.
Let X be a smooth projective surface over a finite field F of characteristic p not
equal to 2. Let f : Y → X be a surjective morphism, Y being a smooth, projective
3-fold over F, with the generic fibre of f a smooth conic over F(X). The vanishing of
the third unramified cohomology group has consequences in the study of integral Tate
conjecture and Brauer-Manin obstruction to the existence of zero-cycles of degree
one (cf. [6], Theorem 7.4).
The theorem (1.3) implies that if X is a smooth projective geometrically integral
ruled surface over F and Y → X a surjective morphism with the generic fibre a
smooth conic and Y smooth projective over F , then the cycle map CH2(Y )⊗Zl →
H4(Y,Zl(2)) is surjective (7.1). If X = C × P1, C being a smooth projective curve
and Y → C the composite morphism Y → C × P1 → C, then the Brauer-Manin
obstruction is the only obstruction to local-global principle for the existence of zero-
cycles of degree one on the generic fibre Yη, η being the generic point of C (7.2).
The main idea of the proof of Theorem (1.1) is the following: We choose a regular
model X of K proper over R, where R is either a finite field or the ring of integers
in a p-adic field. We assume, after possibly replacing X by a blow-up, that the
ramification loci R of α and ζ are a union of regular curves with normal crossings.
Given fx ∈ K∗x for each codimension one point in R such that ζ = α · (fx) in
H3(Kx, µ
⊗3
l ), we choose f ∈ K∗ such that f = fx modulo K∗lx for all codimension
one points in R. Then ζ − α · (f) is unramified at all codimension one points in
R. Let y ∈ X be a codimension one point which is not R. Then, the residue of
ζ − α · (f) at y is ανy(f), where νy is the valuation at y and α is the specialization of
α at y. We need to modify f such that either νy(f) is a multiple of l or α = 0. The
exhaustive study of ramification pattern of Brauer classes on the function field of a
regular integral two-dimensional scheme, given by Saltman ([21], [22]) is used in a
delicate way to modify this choice of f , leading to a proof of the theorem.
For the function field of a curve over a p-adic field k with p 6= l, a local-global
principle, similar to Theorem (1.1), is proved in ([17], 3.4). An additional hypothesis
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is missed in ([17], 3.4); we bridge it in (4.5). The proof of ([17], 4.5) uses ([17], 3.4)
and we complete it in the Appendix using (4.9).
We would like to thank Colliot-The´le`ne for bringing to our attention questions re-
lated to the unramified cohomology of varieties over finite fields and their connections
to the integral Tate conjecture. We also thank him for helpful discussions when this
work was carried out. We thank Saltman for discussions on splitting ramification on
surfaces.
The first author is partially supported by National Science Foundation grant DMS-
1001872 and the second author is partially supported by National Science Foundation
grant DMS-1301785.
2. Some Preliminaries
In this section we recall a few basic facts from the theory of Galois cohomology.
We refer the reader to ([3]).
Let F be a field and l a prime not equal to the characteristic of F . Let µl be
the group of lth roots of unity. For i ≥ 1, let µ⊗il be the Galois module given by
the tensor product of i copies of µl. For n ≥ 0, let Hn(F, µ⊗il ) be the nth Galois
cohomology group with coefficients in µ⊗il .
We have the Kummer isomorphism F ∗/F ∗l ≃ H1(F, µl). For a ∈ F ∗, its class
in H1(F, µl) is denoted by (a). If a1, · · · , an ∈ F ∗, the cup product (a1) · · · (an) ∈
Hn(F, µ⊗nl ) is called a symbol. We have an isomorphism H
2(F, µl) with the l-
torsion subgroup lBr(F ) of the Brauer group of F . We define the index of an
element α ∈ H2(F, µl) to be the index of the corresponding central division algebra
in lBr(F ).
For a (rank one) discrete valuation ν of F , let κ(ν) denote the residue field at
ν, Oν the ring of integers in F at ν and Fν the completion of F at ν. Let α ∈
Hn(F, µ⊗ml ). We say that α is unramified at ν if α is in the image of the restriction
map Hne´t(Oν , µ
⊗m
l ) → Hn(F, µ⊗ml ). We say that α is ramified at ν if it is not
unramified at ν. Suppose char(κ(ν)) 6= l. Then there is a residue homomorphism
∂ν : H
n(F, µ⊗ml )→ Hn−1(κ(ν), µ⊗(m−1)l ).
For α ∈ Hn(F, µ⊗ml ), α is unramified at ν if and only if ∂ν(α) = 0. Suppose that
α is unramified at ν. Then, by definition, there exists a unique α0 ∈ Hne´t(Oν, µ⊗ml )
which maps to α. Let α ∈ Hn(κ(ν), µ⊗ml ) be the image of α0 under the natural
map Hne´t(Oν , µ
⊗m
l ) → Hn(κ(ν), µ⊗ml ). We call α the specialization of α at ν.
Let π ∈ F ∗ be a parameter at ν and ζ = α · (π) ∈ Hn+1(F, µ⊗(m+1)l ). Then
α = ∂ν(ζ) ∈ Hn(κ(ν), µ⊗ml ).
Let X be a regular integral scheme of dimension d, with function field F . For
each point x ∈ X , let Ax be the local ring at x, κ(x) the residue field at x, Aˆx the
completion of Ax at its maximal idealmx and Kx the field of fractions of Aˆx. Suppose
that l is a unit on X . Let X 1 be the set of points of X of codimension 1. A point
x ∈ X 1 gives rise to a discrete valuation νx on F . The residue field of this discrete
valuation ring is denoted by κ(x). The corresponding residue homomorphism is
denoted by ∂x. Let ζ ∈ Hn(F, µ⊗ml ) be any element.
We say that
• ζ is unramified at x if ∂x(ζ) = 0;
• ζ is ramified at x if ∂x(ζ) 6= 0;
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We note that ζ is ramified only at finitely many codimension one points of X . We
define the ramification divisor ramX (ζ) to be
∑
x as x runs over the points of X 1
where ζ is ramified. The unramified cohomology on X , denoted byHnnr(F/X , µ
⊗m
l ),
is defined by
Hnnr(F/X , µ
⊗m
l ) = ∩xker(∂x : Hn(F, µ⊗ml )→ Hn−1(κ(x), µ⊗(m−1)l )),
where x’s run over X 1. If X is a projective variety over a field k, we also denote
Hnnr(F/X , µ
⊗m
l ) by H
n
nr(F/k, µ
⊗m
l ). We say that ζ ∈ Hn(F, µ⊗ml ) is unramified
on X if ζ ∈ Hnnr(F/X , µ⊗ml ); if X = Spec(R), then we say that ζ is unramified
on R if it is unramified on X . If R is a local ring at some point P of X , then we
say that α is unramified at P if it is unramified on R. Suppose C is an irreducible
subscheme of X of codimension 1. Then the generic point x of C belongs to X 1
and we set ∂C = ∂x. If α ∈ Hn(F, µ⊗ml ) is unramified at x, then we say that α is
unramified at C. The group of elements of Hn(F, µ⊗ml ) which are unramified at all
discrete valuations of F is denoted by Hnnr(F, µ
⊗m
l ).
Let X be a regular integral surface. Let D be a divisor on X . Then by the
resolution of singularities for surfaces (cf. [13] and [14]), there exists a regular,
integral surface X ′ with a proper birational morphism X ′ → X , such that the
total transform of D is a union of regular curves with normal crossings (cf. [25],
Theorem, p.38 and Remark 2, p. 43). We use this result throughout this paper
without further reference.
Let K be a field and ℓ a prime not equal to the characteristic of K. Suppose
that K contains a primitive ℓth root of unity. We fix a generator ρ for the cyclic
group µl and identify the Galois modules µ
⊗i
l with µl. This leads to an identification
of Hn(F, µ⊗ml ) with H
n(F, µl). The element in H
n(F, µl) corresponding to the
symbol (a1) · · · (an) ∈ Hn(F, µ⊗nl ) through this identification is again denoted by
(a1) · · · (an). If ν is a discrete valuation on K and a, b ∈ K∗, we have ∂ν((a) · (b)) =
(a
ν(b)
bν(a)
). If u ∈ K∗ is a unit at ν, then ∂ν((u) · (a) · (b)) = (u) · ∂ν((a) · (b)).
We now recall some facts concerning ramifications of division algebras on surfaces
from ([20], [21], [22]). Let K be the function field of a regular integral surface X .
Let C1, · · · , Cn be distinct irreducible curves on X and P ∈ X be a closed point.
• We say that P is curve point of the curves C1, · · · , Cn if P ∈ Ci for some i and
P 6∈ Cj for all j 6= i.
• We say that P is a nodal point of the curves C1, · · · , Cn if P ∈ Ci ∩ Cj for some
i 6= j.
Let l be a prime which is a unit on X . Suppose that K contains a primitive lth
root of unity. Let α ∈ H2(K, µl) be such that ramX (α) is a union of regular curves
with normal crossings. Let P ∈ X be a closed point.
• If P is a curve point of the support of ramX (α), we say that P is a curve point for
α.
• If P is a nodal point of the support of ramX (α), then we say that P is a nodal
point for α.
If P is not on any curve in the support of ramX (α), then α is unramified on the
local ring OX ,P . Suppose that P is a curve point for α. Let C be the irreducible
curve in the support of ramX (α) and π ∈ OX ,P define the curve C at P . By ([20],
1.1) α = α′ + (u) · (π) where α′ ∈ H2(K, µl) is unramified at P and u is a unit at
P . In particular, ∂C(α) = (u) ∈ H1(κ(C), µl). Further, if w is a unit at P with
∂C(α) = (w) ∈ H1(κ(C), µl), then α− (w) · (π) is unramified at P .
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Suppose that P is a nodal point of ramX (α). Since the support of ramX (α) is a
union of regular curves with normal crossings, P is only on two curves, say C and E,
in the support of ramX (α). Let π and δ in OX ,P define C and E at P respectively
so that the maximal ideal of OX ,P is generated by π and δ. Suppose that ∂C(α) ∈
H1(κ(C), µl) and ∂E(α) ∈ H1(κ(E), µl) are unramified at P . Let u(P ), v(P ) ∈
H1(κ(P ), µl) be the specializations at P of ∂C(α) and ∂E(α) respectively. The
condition that ∂C(α) ∈ H1(κ(C), µl) and ∂E(α) ∈ H1(κ(E), µl) are unramified at P
is equivalent to the condition α = α′+ (u) · (π)+ (v) · (δ) for some units u, v ∈ OX ,P
and α′ unramified on OX ,P ([21], §2). The specialisations of ∂C(α) and ∂E(α) in
H1(κ(P ), µl) ≃ κ(P )∗/κ(P )∗l are given by the images of u and v in κ(P ).
Following Saltman ([21], §2), we say that
• P is a cool point if u(P ), v(P ) are zero in H1(κ(P ), µl),
• a chilly point if u(P ) and v(P ) generate the same subgroup of H1(κ(P ), µl) and
neither of them is zero,
• a hot point if u(P ) and v(P ) do not generate the same subgroup of H1(κ(P ), µl).
• If ∂C(α) and ∂E(α) are ramified at P , then we say that P is a cold point.
Saltman ([21], p. 832) defined a graph using chilly points and designated the loops
in this graph as chilly loops. He shows that we can blow up X and assume that
there are no chilly loops and no cool points on X ([21], Corollary 2.9).
We record here the following which we will be using frequently.
Lemma 2.1. Let A be a regular local ring of dimension 2 with residue field κ and
field of fractions K. Suppose that l is a prime not equal to char(κ) and K contains
a primitive lth root of unity. Let ζ ∈ H3(K,µl). Suppose that ζ is unramified on
A except at (π) and (δ) for some primes π and δ in A with the maximal ideal of A
generated by π and δ. Then ∂δ(∂(π)(ζ)) + ∂π(∂(δ)(ζ)) = 0 ∈ H1(κ, µl).
Proof. By ([11], 1.7), the residue homomorphisms give a complex
H3(K,µl)→ ⊕x∈A1H2(κ(x), µl)→ H1(κ, µl).
Since ζ is ramified possibly on A only at (π) and (δ), we have
∂δ(∂(π)(ζ)) + ∂π(∂(δ)(ζ)) = 0 ∈ H1(κ, µl).

Lemma 2.2. Let A be a regular local ring of dimension 2 with residue field κ and
field of fractions K. Suppose that l is a prime not equal to char(κ) and K contains
a primitive lth root of unity. Let X be the simple blow-up of Spec(A) at its maximal
ideal.
1) If α ∈ H2(K,µl) is unramified on A, then α is unramified on X .
2) If ζ ∈ H3(K,µl) is unramified on A and H2(κ, µl) = 0, then ζ is unramified on
X .
Proof. Suppose that α ∈ H2(K,µl) is unramified on A. Since A is a regular ring
of dimension 2, by the purity for the Brauer group, α is in the image of H2e´t(A, µl).
Since for any codimension one point x of X , the local ring OX ,x dominates A, α is
in the image of H2e´t(OX ,x, µl) and hence α is unramified at x.
Suppose that H2(κ, µl) = 0 and ζ ∈ H3(K,µl) is unramified on A. Let x ∈ X be
a codimension one point. Suppose that the image y of x in Spec(A) is a codimension
one point. Then OX ,x ≃ Ay. Since ζ is unramified at y, it is unramified at x.
Suppose that the image of x is the closed point of Spec(A). Then x is the generic
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point of the exceptional curve E in X . By ([11], 1.7), the residue homomorphisms
give a complex
H3(K,µl)→ ⊕x∈X 1H2(κ(x), µl)→ ⊕y∈X 2H1(κ(y), µl).
Since X 1 =Spec(A)1 ∪ E and ζ is unramified on A, ∂E(ζ) is unramified at every
closed point of E. Since E, being the exceptional curve, is the projective line over κ,
∂E(ζ) is in the image of H
2(κ, µl) → H2(κ(E), µl). Since H2(κ, µl) = 0, ∂E(ζ) = 0
and hence ζ is unramified at E on X . 
Remark 2.3. In view of the purity theorem for higher cohomology groups due to
Gabber (cf. [9], Chapitre XVI, Thm. 3.1.1), one can dispense with the the condition
H2(κ, µl) = 0 in the second part of the above lemma.
Lemma 2.4. Let A be a complete regular local ring of dimension 2 with field of
fractions K and residue field κ. Suppose that l is a prime not equal to char(κ) and
K contains a primitive lth root of unity. Let ζ ∈ H3(K,µl). Suppose that ζ is
unramified on A except possibly at a regular prime (π) of A. If H2(κ, µl) = 0, then
ζ is unramified on A.
Proof. Let π ∈ A be a regular prime. Suppose that ζ is unramified except at (π).
By (2.1), ∂π(ζ) ∈ H2(κ(π), µl) is unramified at the maximal ideal of A/(π). Since
A/(π) is a complete discrete valuation ring with residue field κ and H2(κ, µl) = 0,
∂π(ζ) = 0. Hence ζ is unramified on A. 
For a regular integral scheme X with function field K and P ∈ X , let AP denote
the local ring at P , mP the maximal ideal of AP , AˆP the completion of AP at mP
and KP the field of fractions of AˆP .
Lemma 2.5. Let X be a regular integral surface and K its function field. Let l be
a prime which is a unit on X . Suppose that K contains a primitive lth root of unity
and H2(κ(P ), µl) = 0 for every closed point P of X . Let α ∈ H2(K,µl) be such that
ramX (α) is a union of regular curves with normal crossings. Let P ∈ X be a nodal
point of α and mP = (π, δ) with α ramified only along π and δ on AP .
a) If P is a chilly point of α, then α = (u) · (πδs) ∈ H2(KP , µl) for some unit u ∈ AP
and 1 ≤ s ≤ l − 1.
b) If P is a cold point of α, then α = (uδ) · (vπs) ∈ H2(KP , µl) for some units
u, v ∈ AP and 1 ≤ s ≤ l − 1.
c) If P is a cool point of α, then α = 0 ∈ H2(KP , µl).
Proof. Suppose P is a chilly point of α. Then α = α′ + (u) · (π) + (v) · (δ) for
some units u, v ∈ AP and α′ ∈ H2(K,µl) unramified at P ([21], 2.1). Further
v(P ) = u(P )s for some s with 1 ≤ s ≤ l − 1 and hence v = us ∈ Aˆ∗P/Aˆ∗lP . Thus
(v) · (δ) = (us) · (δ) = (u) · (δs) ∈ H2(KP , µl). Since H2(κ(P ), µl) = 0, α′ is zero in
H2(KP , µl) and α = (u) · (πδs).
Suppose that P is a cold point of α. Then α = α′ + (uδ) · (vπs) for some units
u, v ∈ AP , 1 ≤ s ≤ l − 1 and α′ unramified at P ([21], 2.1). As above α′ is zero in
H2(KP , µl) and α = (uδ) · (vπs).
Suppose that P is a cool point. Then α = α′ + (u) · (π) + (v) · (δ) for some α′
unramified at P and units u, v ∈ AP with u(P ), v(P ) ∈ κ(P )∗l ([21], 2.1). Then α′
is zero in H2(KP , µl) and u, v ∈ Aˆ∗lP so that α = 0 ∈ H2(KP , µl). 
The following lemmas are well known and we include them here for the sake of
completeness.
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Lemma 2.6. Let K be a field with a discrete valuation ν, π ∈ K∗ be a parameter
at ν and l a prime not equal to the characteristic of the residue field κ. Let α ∈
H2(K,µ⊗2l ) be a symbol. Then α = (u) · (vπǫ) for some u, v ∈ K∗ units at ν and
ǫ = 0 or 1.
Proof. Since α is a symbol, α = (a) · (b) for some a, b ∈ K∗. Write a = u0πi and
b = v0π
j with u0, v0 ∈ K∗ units at ν and i, j ∈ Z. Since (a) · (b) = (acl) · (bdl) for
any c, d ∈ K∗, without loss of generality, we assume that 0 ≤ i, j ≤ l − 1. Suppose
i = j = 0, then we have α = (u0) · (v0) with u0 and v0 are units at ν. Suppose that
i or j is non-zero. Since (a) · (b) = (b) · (a−1), without loss of generality, we assume
that 1 ≤ j ≤ l − 1. Since j is coprime to l, there exists i′, 0 ≤ i′ ≤ l − 1 such that
ji′ = −i modulo l. Since ((−c)i′) · (c) = i′(−c) · (c) = 0 for any c ∈ K∗, we have
α = (u0π
i) · (v0πj) = (u0πi(−v0πj)i′) · (v0πj) = (u0(−v0)i′πi+ji′) · (v0πj).
Since i + ji′ is a multiple of l, we have α = (u0(−v0)i′) · (v0πj). Let u′ = u0(−v0)i′ .
Since j is coprime to l, we have v0 = v
j modulo K∗l for some v ∈ K∗. We have
α = (u′) · (v0πj) = (u′) · ((vπ)j) = (u′j) · (vπ).

Lemma 2.7. Let A be a two dimensional regular local ring with field of fractions
K, residue field κ and maximal ideal m = (π, δ). Let l be a prime which is a unit in
A. Let Aˆ be the completion of A at its maximal ideal and Kˆ the field of fractions of
Aˆ. Let n ≥ 3 and ζ ∈ Hn(K,µ⊗dl ). If the image of ζ in Hn(Kˆ, µ⊗dl ) is unramified
on Aˆ, then ∂π(ζ) ∈ Hn−1(κ(π), µ⊗d−1l ) is unramified at the discrete valuation of κ(π)
corresponding to the image δ of δ in κ(π).
Proof. Let κˆ(π) be the completion of κ(π) at the discrete valuation corresponding to
δ. Then the field of fractions of Aˆ/(π) is κˆ(π). The lemma follows from the following
commutative diagram
Hn(K,µ⊗dl )
∂pi→ Hn−1(κ(π), µ⊗d−1l )
∂
δ→ Hn−2(κ, µ⊗d−2l )
↓ ↓ ↓
Hn(Kˆ, µ⊗dl )
∂pi→ Hn−1(κˆ(π), µ⊗d−1l )
∂
δ→ Hn−2(κ, µ⊗d−2l ),
where the first two vertical arrows are the restriction homomorphisms and the last
vertical arrow is the identity map. 
3. Divisors on Surfaces
We fix the following notation for this section:
• X an excellent regular integral surface which is quasi-projective over an affine
scheme.
• K the function field of X .
• l a prime which is a unit on X .
• Assume that K contains a primitive lth root of unity.
• C1, · · · , Cn regular curves on X with normal crossings.
• P0 a finite set of closed points containing all the nodal points of C1, · · ·Cn and at
least one closed point from each Ci.
• E1, · · · , Er irreducible curves on X which do not pass through any point in P0
and E =
∑
tjEj with 1 ≤ tj ≤ l − 1.
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• P a finite set of closed points containing P0, all the points of Ci ∩ Ej for all i, j
and at least one point from each Ej .
• B = OX ,P the regular semi-local ring at P and πi ∈ B a prime defining Ci on B
for 1 ≤ i ≤ n.
For any two curves D and E on X and P ∈ D ∩ E, let (D · E)P denote the
intersection multiplicity of D and E at P . For any f ∈ K∗, (f)X denotes the divisor
of f on X .
We recall the following from ([22]).
Lemma 3.1. ([22], 7.9) Suppose that (Ci · E)P is a multiple of l for all i and all
P ∈ P. There is a z ∈ K∗ such that z is a unit at the generic point of Ci, z maps
to an lth power in κ(Ci)
∗ for all i, (z)X = E + Z where Z is a divisor on X and
the support of Z does not contain any point in P.
The following is a reformulation of ([22], 7.10 and 7.11).
Lemma 3.2. For each i, 1 ≤ i ≤ n, suppose ui ∈ B/(πi) are non-zero elements such
that ui(P ) = uj(P ) for all P ∈ Ci ∩ Cj and ui is a unit at all P ∈ P \ ∪i 6=jCi ∩ Cj.
Then there exists u ∈ K∗ such that (u)X = E +E ′ where E ′ is a divisor on X with
the support of E ′ not containing any point in P \∪i 6=jCi ∩Cj, no Ci or Ej is in the
support of E ′ and the image of u is equal to ui in κ(Ci)
∗/κ(Ci)
∗l for all i.
Proof. By ([22], 0.3(b)), there exists v ∈ B such that v = ui modulo (πi). By the
choice, v is a unit at all P ∈ P \ ∪i 6=j(Ci ∩Cj). Thus (v)X = F , where the support
F does not contain any Ci and any point in P \ ∪i 6=jCi ∩ Cj. Let z be as in (3.1)
and u = vz. Since v = ui modulo (πi) and z maps to an l
th power in κ(Ci)
∗ for each
i, u maps to ui in κ(Ci)
∗/κ(Ci)
∗l for all i. In particular u is a unit at Ci for all i.
We have (u)X = (z)X + (v)X = E + E
′, where E ′ = Z + F . Since the support of
Z does not pass through any point in P and the support of F does not contain any
Ci and does not pass through any point in P \∪i 6=j(Ci ∩Cj), u has the the required
properties. 
The following Lemma is due to Saltman ([22], 7.12). We record here a proof due
to Saltman, which bridges missing details in the original proof.
Lemma 3.3. Let ui, 1 ≤ i ≤ n and u be as in (3.2). Then there exists x ∈ K∗ such
that x is a norm from K( l
√
u) and (x)X = E + E
′′ where E ′′ does not pass through
any point in P ∪ (∪i(E ′ ∩ Ci)).
Proof. Let P ′ = P ∪ (∪i(E ′ ∩ Ci)) and R be the semi-local ring at P ′. Let T be
the integral closure of R in L = K( l
√
u). Since L/K is ramified at Ej for all j, there
is a unique prime E˜j in Spec(T ) lying over Ej.
Since T is normal, it is regular at codimension one points. We claim that the
divisor
∑
tjE˜j is principal on T . Since T is semi-local, it is enough to verify that∑
tjE˜j is principal at each maximal ideal m of T . Let m be a maximal ideal of T
and P ∈ P ′ be the point corresponding to the maximal ideal of R lying below m.
If P is not on any of the Ej ’s, then clearly
∑
tjE˜j is principal at m.
Suppose that P is on Ej for some j. Since Ej avoids Ci∩Ci′ for i 6= i′, P 6∈ Ci∩Ci′
for all i 6= i′. Since E ′ avoids P \∪i 6=i′(Ci∩Ci′) and Ci∩Ej ⊂ P \∪i 6=i′(Ci∩Ci′), E ′
avoids Ci∩Ej for all i. Hence P 6∈ E ′∩Ci for all i. Thus P ∈ P ′\(∪i(E ′∩Ci)) = P.
Since the the support of E ′ avoids P \∪i 6=i′(Ci∩Ci′) and P ∈ P \∪i 6=i′(Ci∩Ci′), P is
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not in the support of E ′. Hence, the divisor of u at P is E =
∑
tjEj. In particular,
the divisor of l
√
u at m is
∑
tjE˜j. We conclude that
∑
tjE˜j is principal at m.
Let w ∈ T be such that the divisor of (w)T =
∑
tjE˜j. Let x = NL/K(w). We
claim that x has the required properties. The divisor of x on R is
∑
tjEj . Hence
(x)X is of the form
∑
tjEj + E
′′ for some E ′′ with the support of E ′′ avoiding all
the points of P ′. 
Let X , K, {C1, · · · , Cn}, E, P and B be as above. Let α ∈ H2(K,µl) be
a symbol. Assume that there are no chilly loops for α on X and ramX (α) ⊂
{C1, · · · , Cn}. Since α is a symbol, there are no hot points for α on X ([21], 2.5).
By ([22], 7.10), for every Ci in ramX (α), there exists ui ∈ B/(πi) such that ui is
a unit at all P ∈ P ∩ Ci except possibly at Ci ∩ Cj for i 6= j and ∂Ci(α) = (ui).
For each Cj not in ramX (α), suppose uj ∈ B/(πj) is a non-zero element such that
uj(P ) = ui(P ) for all P ∈ Ci ∩ Cj and is a unit at all P ∈ P \ ∪i 6=j(Ci ∩ Cj). Let
u ∈ K∗ be in (3.2) for this choice of ui ∈ B/(πi).
Lemma 3.4. Let ui, 1 ≤ i ≤ n, u be as in (3.2) and x and E ′′ be as in (3.3). Let
D be an irreducible curve in the support of E ′′ with coefficient prime to l. Then α
is unramified at D and the specialisation of α at D is unramified at every discrete
valuation of κ(D) centered on a closed point of D.
Proof. Since E ′′ avoids P and P contains at least one point from Ci and Ej for all
i, j, D 6= Ci and D 6= Ej for all i, j. In particular, α is unramified at D. Let α be
the specialization of α at D. Let P be a closed point of D. If P is not in Ci for any
Ci in ramX (α), then α is unramified at every discrete valuation of κ(D) centered on
P . Suppose that P ∈ Ci ∩D for some Ci in ramX (α). Since E ′′ avoids ∪i(E ′ ∩Ci),
D avoids ∪i(E ′ ∩ Ci). If D is in the support of E ′, then P ∈ E ′′ ∩ E ′ ∩ Ci, leading
to a contradiction to the fact that E ′′ avoids E ′ ∩Ci. Hence D is not in the support
of E ′.
Let Y be the normalization of X in K( l
√
u). Since suppX (u) is contained in
supp(E)∪ supp(E ′) and D is not in the support of E add E ′, the divisor D is
unramified in Y . Since x is a norm from K( l
√
u) and the divisor (x)X of x on X
contains D with multiplicity prime to l, the pull back of D on Y is of the form
D1 + · + Dl for some distinct irreducible curves Di on Y . Hence the valuation
associated to D on K splits in K( l
√
u) and the image of u in κ(D) is an lth power.
We have (u)X = E+E
′ and the support of E and the support of E ′ do not contain
any point in Supp(E ′′) ∩ Ci. Further P ∈ supp(E ′′) ∩ Ci, so that u is a unit in AP .
Let δ be a prime defining D at P . Let Rδ be the integral closure of AP/(δ) in κ(D).
Since u is a unit at P and the image u of u in κ(D) is an lth power, u is an lth power
in Rδ.
Since D avoids all the points in P, P is a curve point of α. Hence ∂Ci(α) is
unramified at P , ∂Ci(α) = (u) and u is a unit at P , We have α = α
′ + (u) · (πi) with
α′ unramified at P . Thus the specialisation α of α at D is equal to α′ + (u) · (πi).
Let R be a discrete valuation ring of κ(D) centered at P . Since AP/(δ) is the local
ring at P on D, AP/(δ) ⊂ R and hence Rδ ⊂ R. Since α′ is unramified at P , α′ is
unramified on AP/(δ) and hence α′ is unramified at R. Since u is an l
th power in
Rδ, u is an l
th power in R. In particular α is unramified at R. 
Lemma 3.5. Let g ∈ K∗. Suppose (g)X =
∑
riCi + G for some divisor G on X
which does not pass through any point in P and ri ≥ 0. Let P be a closed point on
10 PARIMALA AND SURESH
Ci for some i. If ∂Ci(α · (g)) is unramified at P , then either ∂Ci(α) ∈ H1(κ(Ci), µl)
is unramified and split at P or the intersection multiplicity (Ci ·G)P is a multiple of
l.
Proof. Let B and πi be as above. If P is not on the support of G, then (Ci ·G)P = 0.
Assume that P is in the support of G. Since the support of G does not contain any
point of P, P 6∈ Cj for any j 6= i. Hence P is a curve point of α and α = α′+(u)·(πi)
for some α′ unramified at P and u a unit at P . We have g = πrii θ for some θ ∈ AP
which is not divisible by πi. Then (Ci · G)P = νP (θ), where νP is the discrete
valuation on κ(Ci) at P and θ is the image of θ in AP/(πi).
We have α · (g) = α′ · (πrii θ) + (u) · (πi) · (πrii θ) and ∂Ci(α · (g)) = α′ri + (u) · (θ
−1
),
where α′ is the specialisation of α at Ci. Since α
′ is unramified at P , we have
∂P (∂Ci(α ·(g))) = (u(P ))−νP (θ). If ∂Ci(α ·(g)) is unramified at P , then (u(P ))−νP (θ) =
1 ∈ H1(κ(P ), µl). Thus either u(P ) is an lth power in κ(P ) or νP (θ) is a multiple of
l. 
Remark 3.6. Let α and g as in (3.5). Suppose that ri is coprime to l. Let r
′
i be the
inverse of ri modulo l. Then ∂Ci(α · (g)) = r′iβCi , where βCi is the residual Brauer
class of α with respect to g as defined in ([21], p.837). If (ri, l) = 1, the above
lemma is the same as ([21], 4.2(c)). In particular, we have a new interpretation of
the residual Brauer class.
4. A local-global principle
Let X be an excellent regular integral surface which is quasi-projective over an
affine scheme. Let K be the function field of X . Let l be a prime which is a unit
on X . We say that K satisfies local-global principle for H3(K, µ⊗3l ) in terms of
symbols in H2(K, µ⊗2l ) if the following holds: for any ζ ∈ H3(K, µ⊗3l ) and a symbol
α ∈ H2(K, µ⊗2l ), if for any discrete valuation ν of K there exists fν ∈ K∗ν such
that ζ − α · (fν) ∈ H3nr(Kν , µ⊗3l ), then there exists f ∈ K∗ such that ζ − α · (f) ∈
H3nr(K, µ
⊗3
l ).
In this section we prove that K satisfies local-global principle for H3(K,µ⊗3l ) in
terms of symbols in H2(K,µ⊗2l ) under some conditions on K.
The following notation and assumptions are used in (4.1, 4.2, 4.3).
• X an excellent regular surface, quasi-projective over an affine scheme
• K contains a primitive lth root of unity.
• α ∈ H2(K,µl) a symbol
• ζ ∈ H3(K,µl)
• ramX (α) ∪ ramX (ζ) is a union of regular curves with only normal crossings
• ramX (α) = {C1, · · · , Cm} and ramX (α)∪ramX (ζ) = {C1, · · · , Cm, Cm+1, · · · , Cn}.
For each closed point P of X , let AP be the local ring at P and AˆP be the
completion of AP at its maximal ideal mp.
Let P be a finite set of closed points containing all the nodal points of ramX (α)∪
ramX (ζ) and at least one point from each Ci. Let B be the semi-local ring at P.
Let πi ∈ B be a prime defining Ci for 1 ≤ i ≤ n.
Lemma 4.1. Suppose that H2(κ(P ), µl) = 0 for every closed point of P of X and
for each x ∈ X 1 there exists fx ∈ K∗x such that ζ − α · (fx) ∈ H3nr(Kx, µl). Let
P ∈ Ci ∩ Cj be a chilly point of α. Given any integer ri with 0 ≤ ri ≤ l − 1, there
exists an integer rj such that 0 ≤ rj ≤ l− 1 and ζ−α · (πrii πrjj ) is unramified on AˆP .
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Proof. By the assumption, there exists fi ∈ K∗Ci such that ζ−α · (fi) ∈ H3nr(KCi , µl).
In particular, ∂Ci(ζ) = ∂Ci(α · (fi)) ∈ H2(κ(Ci), µl). Since P is a chilly point of α, we
have α = (u)·(πiπsjj ) ∈ H2(KP , µl) (cf. 2.5) for some unit u in AP and 1 ≤ sj ≤ l−1.
Then
∂Ci(ζ) = ∂Ci(α · (fi))
= ∂Ci((u) · (πiπsjj ) · (fi))
= (u) · ∂Ci((πiπsjj ) · (fi))
= (u) · (gi) ∈ H2(κ(Ci)P , µl)
for some gi ∈ κ(Ci)∗, where u is the image of u in κ(Ci). Since κ(Ci) is the field of
fractions of AP/(πi) and AP/(πi) is a discrete valuation ring with πj as a parameter,
we have gi = wiπ
ti
j for some unit wi ∈ AP/(πi) and ti ≥ 0. Hence ∂P (∂Ci(ζ)) =
∂P ((u) · (gi)) = (u(P ))ti. The point P being a chilly point of α, u(P ) is not an lth
power in κ(P ) and 0 ≤ ti ≤ l−1. Let rj be such that 0 ≤ rj ≤ l−1 and rj = risj−ti
modulo l.
We now show that ζ − α · (πrii πrjj ) is unramified at AˆP . Since ζ and α · (πrii πrjj )
are ramified on AˆP at most at πi and πj , it is enough to show that the residues of
ζ − α · (πrii πrjj ) are equal to zero at πi and πj .
We have ∂Ci(α·(πrii πrjj )) = ∂Ci((u)·(πiπsjj )·(πrii πrjj )) = (u)·(πrisj−rjj ) = (u)·(πtij ) ∈
H2(κ(Ci)P , µl). Since AˆP/(πi) is a complete discrete valuation ring with residue field
κ(P ) and H2(κ(P ), µl) = 0, (u) · (wi) = 0 ∈ H2(κ(Ci)P , µl) and (u) · (wiπtij ) =
(u) · (πtij ) ∈ H2(κ(Ci)P , µl). Thus ∂Ci(α · (πrii πrjj )) = (u) · (wiπtjj ) = (u) · (gi) = ∂Ci(ζ)
in H2(κ(Ci)P , µl). Hence ζ−α · (πrii πrjj ) is unramified on AˆP except possibly at (πj).
Thus, by (2.4), ζ − α · (πrii πrjj ) is unramified at AˆP . 
Lemma 4.2. Suppose that H2(κ(P ), µl) = 0 and there are no chilly loops for α on
X . Then there exist integers ri, i = 1, · · ·n such that for each point P ∈ Ci ∩ Cj
(i 6= j) there exists a unit wP ∈ AP such that ζ−α · (wPπrii πrjj ) is unramified on AˆP .
Proof. For each i, 1 ≤ i ≤ n, there exists fi ∈ K∗Ci such that ζ−(α)·(fi) is unramified
at Ci.
Suppose m + 1 ≤ i ≤ n. Since α is unramified at Ci and ζ is ramified at Ci, we
have ∂Ci(ζ) = α
νCi (fi), where α ∈ H2(κ(Ci), µl) is the specialisation of α at Ci and
νCi is the valuation at Ci. Since ζ is ramified at Ci, α 6= 0 and νCi(fi) modulo l is
independent of the choice of fi. Let ri = νCi(fi).
Let 1 ≤ i ≤ m. If Ci has no chilly point, then we choose ri = 1. Since there are no
chilly loops, using (4.1), we construct ri corresponding to each Ci which has a chilly
point on it, such that ζ −α · (πrii πrjj ) is unramified on AˆP for all chilly points P of α.
We now show that these ri’s have the required property for suitable choices of wP
as P various over points in Ci ∩ Cj for 1 ≤ i < j ≤ n. Let P ∈ Ci ∩ Cj for some
1 ≤ i < j ≤ n.
Suppose that j ≤ m. If P is a chilly point, then ζ − α · (πrii πrjj ) is unramified at
AˆP by the choice of ri. In this case we set wP = 1.
Suppose that P is a cold point. Then α = (uπj)·(vπsi ) ∈ H2(KP , µl) for some units
u, v at P and 1 ≤ s ≤ l− 1 (cf., 2.5). Since AˆP/(πi) is a complete discrete valuation
ring with πj as a parameter and H
2(κ(P ), µl) = 0, every element of H
2(κ(Ci)P , µl) is
of the form (πj)·(w) for some unit w in AˆP/(πi). Hence we have ∂Ci(ζ−α·(πrii πrjj )) =
(πj) · (wi) ∈ H2(κ(Ci)P , µl) for some unit wi ∈ AˆP/(πi). Since s is coprime to l,
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there exists a unit wP ∈ AP such that w−sP (P ) = wi(P ) modulo κ(P )∗l. In particular
w−sP = wi modulo K
∗l
P . Over KP , we have
∂Ci(ζ − α · (wPπrii πrjj )) = ∂Ci(ζ − α · (πrii πrjj ))− ∂Ci(α · (wP ))
= (πj) · (wi)− ∂Ci((uπj) · (vπsi ) · (wP ))
= (πj) · (wi)− (uπj) · ∂Ci((vπsi ) · (wP ))
= (πj) · (wi)− (uπj) · (w−sP )
= (πj) · (wi)− (uπj) · (wi)
= (πj) · (wi)− (πj) · (wi)− (u) · (wi)
= −(u) · (wi)
= 0.
In particular, ζ−α · (wPπrii πrjj ) is unramified on AˆP except possibly at Cj . By (2.4),
ζ − α · (wPπrii πrjj ) is unramified on AˆP .
Suppose that P is a cool point of α. Then α = 0 ∈ H2(KP , µl) (cf. 2.5) and
hence ∂P (∂Ci(α · (fi)) = 0 (cf. the diagram in the proof of 2.7). Since ζ − α · (fi)
is unramified at Ci, we have ∂P (∂Ci(ζ)) = ∂P (∂Ci(α · (fi))) = 0. Since κ(Ci)P is a
complete discrete valued field with residue field κ(P ) and H2(κ(P ), µl) = 0, ∂Ci(ζ)
is zero in H2(κ(Ci)P , µl). By (2.4), ζ is unramified on AˆP and hence ζ − α · (fP )
is unramified on AˆP for any fP ∈ KP . We set wP = 1. Then ζ − α · (wPπrii πrjj ) is
unramified on AˆP .
Suppose j ≥ m + 1. Then α is unramified at Cj. Hence, by the choice of rj ,
∂Cj (ζ) = α
rj , where α is the specialisation of α at Cj. We have ∂Cj (α·(πrii πrjj )) = αrj .
Hence ∂Cj (ζ − α · (πrii πrjj )) = 0. Thus, by (2.4), ζ − α · (wpπrii πrjj ) is unramified on
AˆP with wP = 1. 
Lemma 4.3. Suppose that there are no chilly loops for α on X . Let ri, 1 ≤ i ≤ n
be as in (4.2). There exists f ∈ K∗ such that (f)X =
∑n
i=1 riCi+F for some divisor
F which does not pass through any point of P and ζ − α · (f) is unramified at AˆP
for all P ∈ P.
Proof. Let B and πi be as above. Let ri be as in (4.2). Let g =
∏n
1 π
ri
i ∈ B.
Let P ∈ P. Suppose P ∈ Ci ∩ Cj for some i 6= j. Since {C1, · · · , Cn} have only
normal crossings, we have g = uPπ
ri
i π
rj
j for some unit uP in AP . Suppose P ∈ Ci for
only one i. Then we have g = uPπ
ri
i for some unit uP in AP . If P 6∈ Ci for all i, let
uP = 1.
Let P ∈ P. If P ∈ Ci ∩ Cj for some 1 ≤ i < j ≤ n, let wP be as in (4.2). If
P 6∈ Ci ∩ Cj for all i 6= j, let wP = 1. Let w ∈ B be a unit such that w(P ) =
wP (P )/uP (P ) for all P ∈ P. Then wuPw−1P is an lth power in KP for all P ∈ P.
Let f = wg. Then (f)X =
∑n
i=1 riCi + F for some divisor F which does not pass
through any point of P.
Let P ∈ P. If P ∈ Ci ∩ Cj for some i 6= j, we have f = wg = wuPπrij πrjj =
wPπ
ri
i π
rj
j modulo l
th powers in K∗P and ζ − α · (f) is unramified on AˆP by (4.2).
Suppose P ∈ Ci for some i and not in Ci ∩ Cj for any i 6= j. Then f = wPπrii and
ζ , α, α · (f) are ramified at most along Ci. By (2.4), ζ and α · (f) are unramified on
AˆP . If P 6∈ Ci for all i, then f is a unit at P and ζ and α · (f) are unramified on
AˆP . Hence f has all the required properties. 
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Let D be an integral scheme of dimension one and κ(D) its function field. Let l be
a prime which is a unit on D. Let L be a finite extension of κ(D). An element α ∈
Hn(L, µl) is said to be unramified over D if α is unramified at every discrete valuation
of L with restriction to κ(D) centered on a closed point of D. Let Hnnr(L/D, µl)
denote the set of elements of Hn(L, µl) which are unramified over D.
Let X be an excellent regular integral surface which is quasi-projective over an
affine scheme. Let l be a prime which is a unit on X . We say that X is l-special if
it satisfies the following:
i)H2nr(L/D, µl) = 0 for every irreducible curve D on X and for every finite extension
L of κ(D).
ii) the l-cohomological dimension of κ(P ) is at most 1 for every closed point P of
X .
Let R be the ring of integers in a p-adic field and l a prime not equal to p. Let X
be a two-dimensional excellent regular integral proper scheme over Spec(R). Then
X is l-special. A two-dimensional regular integral proper variety over a finite field
of characteristic not equal to l is also l-special. Note that if X is l-special, then any
blow up of X at a closed point is also l-special.
Let X be an l-special scheme. Let P be a closed point of X . Since the l-
cohomological dimension of κ(P ) is at most 1, Hn(κ(P ), µl) = 0 for n ≥ 2. In
particular, if KP is the field of fractions of the completion of OX ,P at the maximal
ideal, Hnnr(KP , µl) = 0 for n ≥ 2. We use this fact throughout the rest of the paper.
Theorem 4.4. Let l be a prime. Let X be an l-special scheme and K its function
field. Suppose that K contains a primitive lth of unity. Let α ∈ H2(K,µl) be a
symbol and ζ ∈ H3(K,µl). Suppose that ramX (α) ∪ ramX (ζ) is a union of regular
curves with normal crossings on X . Suppose for every x ∈ X 1, there exists fx ∈ K∗x
such that ζ−α · (fx) ∈ H3nr(Kx, µl). Then there exists f ∈ K∗ such that ζ−α · (f) ∈
H3nr(K/X , µl).
Proof. Let ramX (α) = {C1, · · · , Cm} and ramX (α)∪ramX (ζ) = {C1, · · · , Cm, Cm+1,
· · · , Cn}. Let P be a finite set of closed points containing Ci ∩Cj for 1 ≤ i < j ≤ n
and at least one point from each Ci. Let B be the semi-local regular ring at all
points in P. Let πi ∈ B be a prime defining Ci on B.
Step 1: Reduction to the case where there are no chilly loops on X for α:
Let P ∈ Ci ∩ Cj be a chilly point of α. Then, by (4.1), taking ri = 0, there exists
rj such that ζ − α · (πrjj ) is unramified on AˆP . Let X ′ be the simple blow-up of
X at P and E˜ be the exceptional curve on X ′. Since ζ − α · (πrjj ) is unramified
on AˆP and H
2(κ(P ), µl) = 0, by (2.2), ζ − α · (πrjj ) is unramified at E˜. Hence, by
blowing-up chilly points we still have the hypothesis of the theorem. We therefore
assume that there no chilly loops on X for α ([21], Corollary 2.9).
Step 2: We show that there exists g ∈ K∗ satisfying
i) ζ − α · (g) is unramified at all Ci
ii) (g)X =
∑
riCi + E with ri ∈ Z, E a divisor which does not pass through any
point in P
iii) (Ci · E)P is a multiple of l for all P ∈ Ci ∩ E for all i.
Since there are no chilly loops on X for α, choose ri as in (4.2). Using (4.3),
we choose h ∈ K∗ such that ζ − α · (h) is unramified on AˆP for all P ∈ P and
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(h)X =
∑
i riCi + F with F a divisor on X which does not pass through any point
in P.
Since α is a symbol, we have α = (ui) · (viπǫi ) for some units ui and vi at Ci and
ǫ = 0, 1 (cf. 2.6). For any a ∈ K∗, we have
∂Ci(α · (a)) = ∂Ci((ui) · (viπǫ) · (a)) = (ui) · ∂Ci((viπǫ) · (a)) = (ui) · (ca)
for some ca ∈ κ(Ci)∗. In particular ∂Ci(α · (h)) = (ui) · (ci) for some ci ∈ κ(Ci). Since
ζ − α · (fi) is unramified at Ci for some fi ∈ K∗, we have
∂Ci(ζ) = ∂Ci(α · (fi)) = (ui) · (ai)
for some ai ∈ κ(Ci)∗. Set βi = ∂Ci(ζ − α · (h)) ∈ H2(κ(Ci), µl). Then
βi = ∂Ci(ζ)− ∂Ci(α · (h)) = (ui) · (ai)− (ui) · (ci) = (ui) · (bi)
with bi = aici ∈ κ(Ci)∗.
Let P ∈ P ∩ Ci. By the choice of h, ζ − α · (h) is unramified at AˆP . Thus
βi = ∂Ci(ζ − α · (h)) is unramified at P (cf. 2.7). Since H2(κ(P ), µl) = 0 and
βi unramified at P , βi = (ui) · (bi) is zero over the completion κ(Ci)P of κ(Ci) at
P . Hence bi is a norm from the extension κ(Ci)(
l
√
ui) ⊗ κ(Ci)P over κ(Ci)P . Let
Mi = κ(Ci)(
l
√
ui). Let θP ∈Mi ⊗ κ(Ci)P be such that
NMi⊗κ(Ci)P /κ(Ci)P )(θP ) = bi.
Note that B/(πi) is a semi-local ring with field of fractions κ(Ci) with maximal
ideals corresponding to the points of P ∩Ci. By the weak approximation, we choose
θ ∈Mi such that θ is “sufficiently close” to θP for all P ∈ Ci ∩P. Let
a = NMi/κ(Ci)(θ).
Then (abi)(P ) = 1 for all P ∈ Ci ∩P and (ui) · (a) = 0. In particualr, (ui) · (bi) =
(ui) · (abi). Thus, replacing bi by abi, we assume that bi ∈ B/(πi) and bi(P ) = 1
for all P ∈ Ci ∩ P. By, ([22], Proposition 0.3), there exists a unit b ∈ B such
that b = bi ∈ B/(πi) for all i. We set g = bh and prove that g has the required
properties i), ii) and iii). Since b is a unit in B, the divisor (b)X does not pass
through any point in P. By the choice of h, we have (g)X = (bh)X =
∑
riCi + E
for some divisor E on X which does not pass through any point in P. Since b
is a unit at Ci, ∂Ci(α · (b)) = ∂Ci(α) · (bi) = (ui) · (bi). Hence ∂Ci(ζ − α · (g)) =
∂Ci(ζ − α · (h))− ∂Ci(α · (b)) = βi − (ui) · (bi) = 0 for all i.
Let P ∈ Ci ∩ E. Then P 6∈ Ci ∩ Cj for all i 6= j. Then, by (2.4), ζ is unramified
on AˆP and hence ∂Ci(ζ) is unramified at P (cf. 2.7). Thus ∂Ci(α · (g)) = ∂Ci(ζ) is
unramified at P . By (3.5), either ∂Ci(α) is unramified and split at P or (Ci · E)P
is a multiple of l. Suppose that ∂Ci(α) is unramified and split at P . Then α is
unramified on AˆP at Ci. Since P 6∈ Cj for all j 6= i, α is unramified on AˆP . Let X ′
be a simple blow-up at P and E˜ the exceptional curve on X ′. Since α is unramified
on AˆP , α is unramified at E˜ (cf. 2.2). Hence E˜ is not in the ramification locus of α.
Since P 6∈ Ci ∩ Cj for all i 6= j, by (2.4), ζ is unramified on AˆP and hence E˜ is not
in the ramification locus of ζ (2.2). Since X ′ satisfies hypothesis of the theorem,
by replacing X with a blow-up, we assume that (Ci · E)P is a multiple of l for all
P ∈ Ci ∩ E for all i.
Step 3: The final choice.
For 1 ≤ i ≤ m, ∂Ci(α) = (ui). By ([22], 7.10), we can assume that ui(P ) = uj(P )
for all P ∈ Ci ∩ Cj , 1 ≤ i < j ≤ m. Let P ∈ P. If P 6∈ Ci for 1 ≤ i ≤ m, let uP
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be an element of κ(P ) which is not an lth power. If P ∈ Ci for some 1 ≤ i ≤ m,
let uP = ui(P ), noting that ui(P ) = uj(P ) whenever P ∈ Ci ∩ Cj, 1 ≤ i < j ≤ m.
For m + 1 ≤ j ≤ n, by Chinese remainder theorem, there exist uj ∈ κ(Cj)∗ such
that uj(P ) = uP for all P ∈ P ∩ Cj. For these choice of ui, we choose u as in
(3.2); namely (u)X = E + E
′ where E ′ is a divisor on X with the support of E ′
not passing through any point in P \ ∪i 6=jCi ∩ Cj , no Ci or Ej is in the support
of E ′ and the image of u is equal to ui in κ(Ci)
∗/κ(Ci)
∗l for all i. Let x be a norm
from K( l
√
u) as in (3.3); namely (x)X = E + E
′′ where E ′′ does not pass through
any point in P ∪ (∪i(E ′ ∩Ci)). Let g be as in Step 2) and f = x−1g. We now show
that ζ − α · (f) is unramified at every codimension one point of X .
Let D be a codimension one point of X .
Suppose D is not in ramX (α) ∪ ramX (ζ) ∪ Supp(f). Then ζ and α · (f) are
unramified at D.
Suppose that D is in ramX (α)∪ramX (ζ). Then D = Ci for some i. By the choice
of g, ζ −α · (g) is unramified at Ci (step 2). Thus it is enough to show that α · (x−1)
is unramified at Ci. Since the image of u in κ(Ci) is ui and ∂Ci(α) = (ui), we have
α− (u) · (πi) is unramified at Ci. Hence α · (x−1)− (u) · (πi) · (x−1) is unramified at
Ci. Suppose that 1 ≤ i ≤ m. Since x is a norm from K( l
√
u), (u) · (πi) · (x−1) = 0 and
hence α · (x−1) is unramified at Ci. Suppose that i ≥ m + 1. Since α is unramified
at Ci and x is a unit at Ci, it follows that α · (x−1) is unramified at Ci.
Suppose that D is in the support of (f)X and not in ramX (α)∪ ramX (ζ). Then
α and ζ are unramified at D. If νD(f) is a multiple of l, then ζ−α · (f) is unramified
at D. Suppose that νD(f) is not a multiple of l. Since (g)X =
∑
riCi + E and
(x) = E+E ′′, we have (f)X = (x
−1g)X =
∑
riCi−E ′′. Since D 6= Ci for all i, D is
in the support of E ′′. Since E and E ′′ have no common component, νD(g) = 0 and
νD(f) = νD(x
−1g) = νD(x
−1) is coprime to l. By (3.4), the specialization α of α at D
is unramified at every discrete valuation of κ(D) centered at any P ∈ P ∩D. Since
α is ramified only along Ci, 1 ≤ i ≤ m, α is unramified at all discrete valuations
of κ(D) centered at P for all P 6∈ P ∩ D. Hence α is unramified at every discrete
valuation of κ(D) centered on a closed point of D. Since H2nr(κ(D), µl) = 0, α = 0.
Since ∂D(α · (f)) = ανD(f) = 0, α · (f) is unramified at D. Since ζ is unramified at
D, ζ − α · (f) is unramified at D. 
Corollary 4.5. (cf. [17], 3.4) Let k be a p-adic field and l a prime not equal to
p. Let X be a curve over k and K its function field. Assume that K contains a
primitive lth root of unity. Let X be a regular proper excellent two-dimensional
scheme over the ring of integers in k with the function field K. Let α ∈ H2(K, µl)
be a symbol and ζ ∈ H3(K, µl). Suppose that ramX (α) ∪ ramX (ζ) is a union of
regular curves with normal crossings. If for every codimension one point x of X
there exists fx ∈ K∗x such that ζ = α · (fx) ∈ H3(Kx, µl), then there exists f ∈ K∗
such that ζ = α · (f) ∈ H3(K, µl).
Proof. Let D be an irreducible curve on X . Then the residue field κ(D) is either a
local field or the function field of a curve over a finite field. Since X is proper over
the ring of integers k, by the class field theory it follows that H2nr(κ(D), µl) = 0.
The residue field κ(P ) at every closed point P of X is a finite field and hence for
every finite extension κP of κ(P ) we have H
2(κP , µl) = 0. Thus X is l-special and
by (4.4), there exists f ∈ K∗ such that ζ − α · (f) ∈ H3nr(K/X , µl). By a theorem
of Kato ([11], 5.2), we have H3nr(K/X , µl) = 0. In particular ζ = α · (f). 
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Corollary 4.6. Let k be a p-adic field and l a prime not equal to p. Let X be
a curve over k and K its function field. Let α ∈ H2(K, µ⊗2l ) be a symbol and
ζ ∈ H3(K, µ⊗3l ). If for every discrete valuation ν of K there exists fν ∈ K∗ν such
that ζ = α · (fν) ∈ H3(Kν , µ⊗3l ), then there exists f ∈ K∗ such that ζ = α · (f) ∈
H3(K, µ⊗3l ).
Proof. Let ρ be a primitive lth root of unity and L = F (ρ). Suppose that there exists
g ∈ L∗ such that ζ = α · (g) ∈ H3(L, µ⊗3l ). Since [L : K] is coprime to l, by taking
corestrictions, we see that ζ = α · (f) ∈ H3(K,µ⊗3l ) for some f ∈ K∗. Let ν be a
discrete valuation of L and ν ′ be its restriction to K. Then, by the assumption, there
exists fν′ ∈ K∗ such that ζ = α · (fν′) ∈ H3(Kν′, µ⊗3l ). Set fν = fν′ ∈ Kν′ ⊂ Lν .
ζ = α · (fν) ∈ H(L, µ⊗3l ). Thus, replacing K by L, we assume that K contains a
primitive lth root of unity.
Let X be a regular proper excellent two-dimensional scheme over the ring of
integers in k with the function field K such that ramX (α) ∪ ramX (ζ) is a union of
regular curves with normal crossings. For every x ∈ X 1, by hypothesis, there exists
fx ∈ Kx such that ζ −α · (fx) is unramified at x. The corollary follows by (4.5). 
Corollary 4.7. Let k be a finite field and l a prime not equal to the characteristic
of k. Let X be a smooth projective surface over k and K its function field. Assume
that K contains a primitive lth root of unity. Let α ∈ H2(K, µl) be a symbol and
ζ ∈ H3(K, µl). Suppose that ramX (α) ∪ ramX (ζ) is a union of regular curves with
normal crossings. If for every codimension one point x of X there exists fx ∈ K∗x
such that ζ = α · (fx) ∈ H3(Kx, µl), then there exists f ∈ K∗ such that ζ = α · (f) ∈
H3(K, µl).
Proof. For every irreducible curve D on X , κ(D) is a function field of curve over k
and for every closed point P ofX , κ(P ) is a finite field. Thus, as in the proof of (4.5),
X is l-special. By (4.4), there exists f ∈ K∗ such that ζ−α·(f) ∈ H3nr(K/X, µl). By
([7] p.790, [11], Thm. 0.8), we have H3nr(K/X, µl) = 0. In particular ζ = α · (f). 
Corollary 4.8. Let k be a finite field and l a prime not equal to the characteristic
of k. Let X be a smooth projective surface over k and K its function field. Let
α ∈ H2(K, µ⊗2l ) be a symbol and ζ ∈ H3(K, µ⊗3l ). If for every discrete valuation ν
of K there exists fν ∈ K∗ν such that ζ = α · (fν) ∈ H3(Kν , µ⊗3l ), then there exists
f ∈ K∗ such that ζ = α · (f) ∈ H3(K, µ⊗3l ).
Proof. The proof follows on the same lines as the proof of (4.6). 
Corollary 4.9. Let l be a prime and X an l-special scheme. Let K be the function
field X . Let α ∈ H2(K, µl) be a symbol and ζ ∈ H3(K, µl). Suppose for every
point z of X , there exists fz ∈ K∗z such that ζ − α · (fz) ∈ H3nr(Kz/Aˆz, µl). Then
there exists f ∈ K∗ such that ζ − α · (f) ∈ H3nr(K/X , µl).
Proof. Let η : X ′ → X be a blow-up. Let x ∈ X ′ be a codimenson one point and
z = η(x) ∈ X . By the hypothesis there exists fz ∈ K∗z such that ζ − α · (fz) ∈
H3nr(Kz/Aˆz, µl).
Suppose that z is a codimension one point of X . Then OX ′,x ≃ OX ,z and hence
ζ − α · (fz) is unramified at x. Suppose that z is a codimension two point of X .
Then, by (2.2), ζ − α · (fz) is unramified at x.
Hence by replacing X by a blow-up, we assume that the support of ramX (α) ∪
ramX (ζ) is a union of regular curves with normal crossings. By ( 4.4), there exists
f ∈ K∗ such that ζ − α · (f) ∈ H3nr(K/X , µl). 
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5. The H3 of the function field of a surface
Let X be an excellent regular integral surface and K its function field. Let l
be a prime which is a unit on X . Suppose that K contains a primitive lth root of
unity. In this section, under certain conditions on K, we show that every element
in H3(K,µl) is a symbol up to an element in H
3
nr(K/X , µl). We begin with the
following.
Lemma 5.1. Let A be a complete regular local ring of dimension two with the field
of fractions K and the residue field κ. Let l be a prime not equal to char(κ). Suppose
that K contains a primitive lth root of unity and H2(κ, µl) = 0. Let m = (π, δ) be
the maximal ideal m of A. Let ζ ∈ H3(F, µl) be such that ζ is ramified on A at
most at π or δ. Let u ∈ A be a unit such that ∂δ(∂π(ζ)) = (u˜) ∈ H1(k, µl), where
¯ denotes the image modulo π and ˜ denotes the image modulo the maximal ideal.
Then ζ − (u) · (δ) · (π) is unramified on A.
Proof. Since ∂δ(∂π(ζ)) = (u˜) and A/(π) is a complete discrete valuation ring with δ as
a parameter, ∂π(ζ)−(u) ·(δ) is unramified at δ. Since H2(κ, µl) = 0, ∂π(ζ) = (u) ·(δ).
Since ∂π((u) · (δ) · (π)) = (u) · (δ), ζ − (u) · (δ) · (π) is unramified except possibly at
δ. Hence, by (2.4), ζ − (u) · (δ) · (π) is unramified on A. 
Theorem 5.2. Let l be a prime and X an l-special scheme. Let K be the function
field of X . Suppose that K contains a primitive lth root of unity. Then every element
ζ ∈ H3(K, µl) is of the form ζ ′ + (a) · (b) · (c) for some ζ ′ ∈ H3nr(K/X , µl).
Proof. We note that for any blow-up X ′ → X , H3nr(K/X ′, µl) ⊂ H3nr(K/X , µl),
enabling us to replace X by any blow-up. Let ζ ∈ H3(K, µl). By replacing X
by a blow-up, we assume that ramX (ζ) = C ∪ E with C and E regular curves
(not necessarily irreducible) on X with normal crossings. Suppose C = ∪iCi and
E = ∪jEj with Ci and Ej regular irreducible curves on X . Let P be the finite set of
closed points of C∩E. Let B be the semi-local ring at P, πi ∈ B be a prime defining
Ci on B and δj ∈ B a prime defining Ej on B. For each P ∈ P ∩Ci, let uP ∈ κ(P )∗
be such that ∂P (∂Ci(ζ)) = (uP ). Let ui ∈ B/(πi) be such that ui(P ) = uP ∈ κ(P )
for all P ∈ Ci ∩P.
Let ν be a discrete valuation of κ(Ci)( l
√
ui) which is centered on a closed point P
of Ci. Suppose that P 6∈ P. Then, by (2.4), ζ is unramified on AˆP and hence, by
(2.7), ∂Ci(ζ) ∈ H2(κ(Ci), µl) is unramified at P . In particular, ∂Ci(ζ) ⊗ κ(Ci)( l
√
u)
is unramified at ν. Suppose that P ∈ P. Then, by the choice of ui, we have
∂P (∂Ci(ζ)) = (uP ) = (ui(P )). Since ∂ν(∂Ci(ζ ⊗ κ(Ci)( l
√
ui))) = ∂P (∂Ci(ζ))⊗ κ(ν) =
(ui(P ))⊗ κ(ν) and ui(P ) is an lth power in κ(ν), ∂ν(∂Ci(ζ)⊗ κ(Ci)( l
√
ui)) is trivial.
Hence ∂Ci(ζ) ⊗ κ(Ci)( l
√
ui) is unramified at every discrete valuation of κ(Ci)( l
√
ui)
centered on a closed point of Ci. Since X is l-special, H
2
nr(κ(Ci)( l
√
ui)/Ci, µl) = 0
and ∂Ci(ζ) is zero over κ(Ci)( l
√
ui). Hence, ∂Ci(ζ) = (ui) · (ai) for some ai ∈ κ(Ci).
Similarly, let vj ∈ B/(δj) be a unit such that (vj(P )) = ∂P (∂Ej (ζ)) for all P ∈ Ej∩P
and ∂Ej (ζ) = (vj) · (bj) for some bj ∈ κ(Ej) and vj ∈ B/(δj).
Let P ∈ Ci ∩ Ej for some i and j. Since ∂P (∂Ci(ζ)) + ∂P (∂Ej (ζ)) = 0 (cf. (2.1)),
ui(P ) = vj(P )
−1. By ([22], 0.3(b)), there exists u ∈ B such that u = ui modulo πi
for all i and u = v−1j modulo δj for all j . Let b =
∏
i πi
∏
j δj ∈ B and α = (u) · (b).
Then for P ∈ Ci ∩ Ej, we have b = wPπiδj for unit wP at P . We now show that for
every codimension one point D of X , there exists fD ∈ K∗D such that ζ −α · (fD) is
unramified at D.
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Let D be a codimension one point of X . If D 6= Ci for all i and D 6= Ej for all j,
then ζ is unramified at D and hence ζ = 0 = α · (1) over KD. Suppose D = Ci for
some i. We have ∂Ci(ζ) = (ui) · (ai) for some ai ∈ κ(Ci)∗. Let fi ∈ B be a unit at Ci
such that fi maps to ai in κ(Ci). Since ∂Ci(α ·(f−1i )) = ∂Ci((u)·(b)·(f−1i ) = (ui)·(ai),
we have ζ −α · (f−1i ) is unramified at Ci. For D = Ej , arguing in a similar way, one
finds gj ∈ K such that ζ − α · (gj) is unramified at Ej .
Let η : X ′ → X be a blow-up such that ramX ′(α) ∪ ramX ′(ζ) is a union of
regular curves with normal crossings. Let x be a codimension one point of X ′. We
show that there exists fx ∈ K∗x such that ζ − α · (fx) ∈ H3nr(Kx, µl). If η(x) = y
is a codimension one point of X , then Ky = Kx and hence there exists fx ∈ K∗x
such that ζ − α · (fx) ∈ H3nr(Kx, µl). Let η(x) = P be a closed point of X . If
P 6∈ Ci ∩ Ej for all i and j, then by (2.4) ζ is unramified on AˆP . One concludes
using (2.2) that ζ is unramified over Kx. In particular ζ −α · (1) is unramified at x.
Suppose P ∈ Ci ∩Ej for some i and j. Since ∂P (∂Ci(ζ)) = (u(P )), by (5.1), we have
ζ − (u) · (δj) · (πi) is unramified on AˆP . We have
ζ − α · (πi) = ζ − (u) · (b) · (πi)
= ζ − (u) · (wPπiδj) · (πi)
= ζ − (u) · (−wP δj) · (πi)
= ζ − (u) · (δj) · (πi)− (u) · (−wP ) · (πi)
Since (u) · (−wP ) = 0 in H2(KP , µl), ζ − α · (πi) = ζ − (u) · (δj) · (πi) is unramified
on AˆP . Once again by (2.2), we conclude that ζ − α · (πi) is unramified at x.
Thus, by (4.4), there exists a ∈ K∗ such that ζ − α · (a) = ζ − (u) · (b) · (a) ∈
H3nr(K/X , µl). 
Corollary 5.3. (cf. [17], 3.5) Let k be a p-adic field and l a prime not equal to p.
Suppose that k contains a primitive lth root of unity. Let X be a curve over k and
K its function field. Then every element in H3(K, µl) is a symbol.
Proof. Let Ok be the ring of integers in k and X a regular integral surface, proper
over Spec(Ok) with function field K. We have seen (in the proof of (4.5)), that X is
l-special. Since H3nr(K/X , µl) = 0 ([11], 5.2), the corollary follows from (5.2). 
Corollary 5.4. Let k be a finite field and X a smooth, projective, geometrically
integral surface over k. Let K be the function field of X. Let l be a prime not equal
to char(k). Assume that k contains a primitive lth root of unity. Then every element
in H3(K, µl) is a symbol.
Proof. We have seen ( in the proof of (4.7)) that X is l-special. Since H3nr(K/X , µl)
= 0 ([11] Thm. 0.8), the corollary follows from (5.2). 
6. The unramified H3 of function fields of conic fibrations over
surfaces
LetK be a field of characteristic not equal to 2. We say that a local-global principle
holds for H3(K, µ2) in terms of symbols in H
2(K, µ2) if given ζ ∈ H3(K, µ2), α ∈
H2(K, µ2) representing a quaternion algebra over K, if for every discrete valuation
ν of K, there exists fν ∈ K∗ν such that ζ − α · (fν) ∈ H3nr(Kν , µ2) then there exists
f ∈ K∗ such that ζ − α · (f) ∈ H3nr(K, µ2).
Lemma 6.1. Let K be a field of characteristic not equal to 2 and α a quaternion
algebra over K. Let C be the smooth projective conic associated to α. Let ν be a
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discrete valuation on K with residue field κ. Then there exists a discrete valuation
w on the function field K(C) of C with residue field κ(w) satisfying:
1) If α is unramified at ν, then κ(w) is isomorphic to the function field of the conic
C associated to the specialisation α of α.
2) If α is ramified at ν, then κ(w) is isomorphic to the rational function field in one
variable over the quadratic extension of κ given by the residue of α.
Proof. Let α = (a)·(b) for some units a, b ∈ K∗. ThenK(C) = K(x)[y]/(y2−ax2−b).
Let R be the valuation ring of ν and π a parameter in R. Let ν˜ be the discrete
valuation of K(x) given by the height one prime ideal (π) of R[x]. Then the residue
field of ν˜ is κ(x).
Suppose that α is unramified at ν. Then a and b may be chosen to be units in
R (cf. 2.6) and α = (a) · (b). Since a and b are units of R, the quadratic extension
K(C) of K(x) is unramified at ν˜. Hence there is a unique extension w of ν˜ to K(C)
with residue field κ(x)[y]/(y2 − ax2 − b).
Suppose that α is ramified at ν. We can choose a to be a unit and b to be a
paramter in R (cf. 2.6); the residue of α is (a). Since α is ramified at ν, a is not a
square in κ(ν). Hence there is a unique extension w of ν˜ to K(C) with residue field
κ(x)[y]/(y2 − a). 
Theorem 6.2. Let K be a field of characteristic not equal to 2. Suppose that
for every discrete valuation ν of K, the characteristic of κ(ν) is not equal to 2.
The local-global principle for H3(K, µ2) in terms of symbols in H
2(K, µ2) holds if
and only if for every smooth conic C over K, the restriction map H3nr(K, µ2) →
(H3nr(K(C), µ2) ∩ image(H3(K,µ2))) is onto.
Proof. Suppose that the local-global principle for H3(K, µ2) in terms of symbols
in H2(K, µ2) holds. Let β ∈ H3nr(K(C), µ2) which is in the image of H3(K,µ2).
Let ζ ∈ H3(K, µ2) map to β. Let α ∈ H2(K, µ2) be the element representing the
quaternion algebra associated to the conic C.
For any f ∈ K∗, α · (f) ∈ H3(K,µ2) maps to zero in H3(K(C), µ2). Thus it is
enough to show that there exists f ∈ K∗ such that ζ − α · (f) ∈ H3nr(K, µ2). Since
the local-global principle for H3(K, µ2) in terms of symbols in H
2(K, µ2) holds, it
suffices to show that for every discrete valuation ν of K, there exists fν ∈ K∗ν such
that ζ − α · (fν) ∈ H3nr(Kν , µ2).
Let ν be a discrete valuation of K. If ζ is unramified at ν, then ζ − α · (1) ∈
H3nr(Kν , µ2). Assume that ζ is ramified at ν; i.e. ∂ν(ζ) 6= 0.
Suppose that α is unramified at ν. Then, by (6.1), there exists a discrete valuation
w on K(C) extending ν on K with residue field κ(ν)(C), where C is the reduction
of C at ν. Since β ∈ H3nr(K(C), µ2) is the image of ζ ∈ H3(K, µ2), we have
∂ν(ζ) = ∂w(β) = 0 over κ(ν)(C). Since ∂ν(ζ) 6= 0 in H2(κ(ν), µ2) and C is the conic
associated to the specialisation α of α at ν, by a theorem of Amitsur ([1], Theorem
9.3), we have ∂ν(ζ) = α. Since Kν is a complete discretely valued field with residue
field κ(ν), we have ζ − α · (π) ∈ H3nr(Kν , µ2).
Suppose that α is ramified at ν. Then α = (a) · (bπ) over Kν for some a, b ∈ K∗ν
which are units in Oν (cf. 2.6). By (6.1), there is a discrete valuation w on K(C)
extending ν with residue field κ(ν)(
√
a)(t). As above, since the residue ∂w(ζ) is zero
over κ(w) = κ(ν)(
√
a)(t), it follows that ∂ν(ζ) is split over K(ν)(
√
a) and hence
∂ν(ζ) = (a) · (c) for some unit c ∈ Oν . Hence ζ ′ = ζ − (a) · (c) · (π) is unramified at
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ν. We have over Kν
ζ − α · (c) = ζ − (a) · (c) · (π) + (a) · (c) · (π)− (a) · (c) · (bπ) = ζ ′ − (a) · (c) · (b).
Since a, b, c are units at ν, (a) · (c) · (b) is unramified at ν. In particular ζ −α · (c) is
unramified at ν.
Conversely, suppose that the restriction map H3nr(K, µ2)→ H3nr(K(C), µ2)
∩ image(H3(K,µ2)) is onto.
Let ζ ∈ H3(K, µ2) and α ∈ H2(K, µ2) representing a quaternion algebra. Suppose
that for every discrete valuation ν there exists fν ∈ K∗ν such that ζ − α · (fν) ∈
H3nr(Kν , µ2).
Let C be the conic associated to α. Let w be a discrete valuation on K(C).
Suppose that w is trivial on K. Since ζ is defined over K, ζ is unramified at w.
Therefore we, assume that the valuation w is non-trivial when restricted to K. Let ν
be the restriction of w to K. Then we have Kν ⊂ Kν(C) ⊂ K(C)w. Since ζ−α · (fν)
is unramified at ν and α · (fν) is zero over K(C)w, ζ is unramified at w.
In particular ζ ∈ H3nr(K(C), µ2) ∩ image(H3(K,µ2)). By the hypothesis, there
exists β ∈ H3nr(K, µ2) which maps to ζ in H3(K(C), µ2). Since ζ − β ∈ H3(K, µ2)
maps to 0 in H3(K(C), µ2), we have ζ = β + α · (f) for some f ∈ K∗ ([2], Corollar
5.5). Since β ∈ H3nr(K, µ2) we are done. 
We thank A. Pirutka for the observation that no condition on the Brauer group of
the residue fields is required in the hypothesis of (6.2).
Theorem 6.3. Let k be a finite field of characteristic not equal to 2. Let X be
a smooth, projective, integral surface over k and K its function field. Let n be a
natural number coprime to the characteristic of K and C a smooth conic over K.
Then H3nr(K(C)/k, µ
⊗2
n ) = 0.
Proof. By ([7], p.790 and [11], Thm. 0.8), we haveH3nr(K,µ
⊗2
n ) = 0 andH
3
nr(K,Q/Z(2)) =
0. We shall use this fact without further reference.
Suppose that C is the projective line. Since H3nr(K(C)/C, µ
⊗2
n ) = H
3(K,µ⊗2n ) (cf.
[3], Prop. 4.1.4) and every discrete valuation of K extends to a discrete valuation of
K(C), H3nr(K(C), µ
⊗2
n ) ≃ H3nr(K,µ⊗2n ). Hence H3nr(K(C), µ⊗2n ) = 0.
Suppose that C is an anisotropic conic. Since C is isomorphic to the projective
line over a separable quadratic extension of K, we conclude that H3nr(K(C), µ
⊗2
n ) is
2-torsion. Hence H3nr(K(C), µ
⊗2
n ) ⊂ H3nr(K(C), µ⊗22 ), both being regarded as sub-
groups ofH3(K(C),Q/Z(2)) ([15]). Thus it is enough to show thatH3nr(K(C), µ2) =
0.
Let β ∈ H3nr(K(C), µ2). Since C is a smooth conic, there exists ζ ∈ H3(K,Q/Z(2))
which maps to the image of β in H3(K(C),Q/Z(2)) ([27]). Let v be a discrete valu-
ation on K. By, (6.1), there exists a discrete valuation w of K(C) with κ(w) either
the function field of a conic over κ(v) or the function field of the projective line
over a quadratic extension of κ(v). Since ∂v(ζ)⊗ κ(w) = ∂w(β) = 0, it follows that
2∂v(ζ) = 0. Hence 2ζ is unramified at v. Since H
3
nr(K, Q/Z(2)) = 0, 2ζ = 0,
i.e. ζ ∈ H3(K,µ2). Hence β ∈ H3nr(K(C), µ2) ∩ image(H3(K,µ2)). By (4.4) and
(6.2), the map H3nr(K, µ2) → H3nr(K(C), µ2) ∩ image(H3(K,µ2)) is onto. Since
H3nr(K, µ2) = 0, β = 0 and the theorem follows. 
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Theorem 6.4. Let k be a p-adic field with p 6= 2. Let X be a smooth, projective,
integral curve over k and K its function field. Let l be a prime different from 2 and
p, and C a smooth conic over K. Then H3nr(K(C), µl) = 0.
Proof. Since H3nr(K, µl) = 0 ([11], 5.2), the theorem follows from (4.4) and (6.2)
following the proof of (6.3) . 
7. Local-global principle for zero-cycles and integral Tate
conjecture
Let k be a global field and X a smooth, projective, geometrically integral variety
over k. It is a conjecture due to Colliot-The´le`ne–Sansuc and Kato-Saito (cf. [4],
§4) that the Brauer-Manin obstruction is the only obstruction to the local-global
principle for the existence of zero-cycles of degree one on X . We show that for a
certain class of surfaces over a global field of positive characteristic, this conjecture is
true. A corresponding result for conic fibrations of the projective line over a number
field is due to Salberger ([19], Corollary on p.505).
For more details on the results of this section we refer to the paper of Colliot-
The´le`ne and Bruno Kahn ([6]).
Let F be a finite field and C a smooth, projective, geometrically integral curve
over F. Let X be a smooth projective, geometrically integral variety over F of
dimension d + 1 with a flat morphism X → C with generic fibre Xη/F(C) smooth
and geometrically integral. Let l be a prime not equal to the characteristic of F.
A theorem of Saito ([18], see also [4], Proposition 3.2) asserts that if the cycle map
CHd(X) ⊗ Zl → H2d(X,Zl(d)) is onto, then, the Brauer-Manin obstruction is the
only obstruction to the local-global principle for the existence of zero-cycles of degree
coprime to l on Xη; more precisely, if there exists a family of local 0-cycles of degree
prime to l, orthogonal to the Brauer group of Xη, then there exists on Xη a 0-cycle
of degree prime to l.
For a certain class BTate(F) of smooth, projective varieties Y , Bruno Kahn ([10])
showed that the cycle map CH2(Y ) ⊗ Zl → H4(Y,Zl(2)) is onto if and only if
H3nr(F(Y )/F,Ql/Zl(2)) = 0. Suppose Y is a smooth projective variety with a domi-
nant morphism Y → X , where X is a smooth geometrically ruled surface, with the
generic fibre a smooth conic over F(X). By a theorem of Soule´ ([26], Example 3.3)
Y is in BTate(F). We have the following
Theorem 7.1. Let F be a field of characteristic not equal to 2. Let l be a prime not
equal to the characteristic of F. Let X be a smooth, projective, geometrically ruled
surface over F and Y → X a surjective morphism with the generic fibre a smooth
conic over F(X). Then the cycle map CH2(Y )⊗ Zl → H4(Y,Zl(2)) is surjective.
Proof. Since Y is in BTate(F), the result follows from a combination of Kahn’s theo-
rem ([10], Corollaire 3.13) and the well-known exact sequences
H3nr(F(Y )/F, µ
⊗2
ln )→ CH2(Y )/ln)→ H4et(Y, µ⊗2ln )
(cf. [6], Section 3.2, page 17). 
Corollary 7.2. (cf. [6], Corollary 7.9) Let F be a finite field of characteristic not
equal to 2. Let X be a smooth, projective, geometrically ruled surface over F and Y
be a smooth, geometrically integral 3-fold over F with a surjective morphism Y →
X with generic fibre a smooth conic over F(X). Let C be a smooth, projective
geometrically integral curve over F together with a surjective morphism X → C.
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Suppose that the generic fibre Xη of X → C has a 0-cycle of degree a power of 2.
Let Yη be the generic fibre of the composite morphism Y → X → C. Then the
Brauer-Manin obstruction is the only obstruction to the local global principle for the
existence of zero-cycles of degree one on Yη.
Proof. Suppose that there is no Brauer-Manin obstruction for the existence of zero-
cycles of degree one on Yη. Suppose that Yη has a zero-cycle of degree one over each
completion of F(C). Since the characteristic of F is not equal to 2, by (7.1) and ([4]
Proposition 3.2, [18]), there exists a zero-cycle on Yη of odd degree. Since Xη has a
0-cycle of degree a power of 2 and Yη → Xη is a conic fibration, Yη has a 0-cycle of
degree a power of 2. Hence Yη has a zero-cycle of degree 1. 
Example 7.3. Let E be a smooth, projective geometrically integral non-rational
curve over a finite field F of characteristic not equal to 2. Let X = E × P1. Let
Y → X be as in (7.2) and X → P1 be the projection. Let Yη be the generic fibre of
the composite Y → X → P1. Then Yη is a non-rational surface over F(t) and the
Brauer-Manin obstruction is the only obstruction to local global principle for the
existence of zero-cycles of degree one on Yη.
8. Appendix
Erratum to “The u-invariant of the function fields of p-adic curves” (An-
nals of Mathematics, 172 (2010), 1391-1405) by R. Parimala and V.
Suresh
A hypothesis is missing in the statement of ([17], Proposition 3.2 and Theorem 3.4).
This is bridged in (4.5) of this paper and using it we complete the proof of u(K) = 8
for function fields of non-dyadic p-adic curves ([17], 4.6). We begin with the following
Lemma 8.1. Let A be a complete regular local ring of dimension 2 with the maximal
ideal m = (π, δ), the field of fractions K and the residue field κ. Suppose that 2
invertible in A. Let q = φ0 ⊥ φ1π ⊥ φ2δ ⊥ φ3πδ with φi, 0 ≤ i ≤ 3, regular
quadratic forms over A. Let g ∈ A be such that g is either a unit or uπ modulo δ
and vδ modulo π for some units u, v ∈ A. If q represents g over Kπ and Kδ, then q
represents g over K.
Proof. We assume without loss of generality q is anisotropic over K. Since A is
complete, the forms φi, 0 ≤ i ≤ 3, are anisotropic modulo m. Suppose g is a unit
modulo π or δ. Then g is a unit in A. We have q ⊥< −g >= φ′0 ⊥ φ1π ⊥ φ2δ ⊥ φ3πδ
with φ′0 = φ0 ⊥< −g > regular on A. By taking residues at π or δ and using the fact
that A is complete and q ⊥< −g > is isotropic over Kπ and Kδ, we conclude that
φ′0 is isotropic over K and hence q ⊥< −g > is isotropic over K and q represents g
over K.
Assume that g = uδ modulo π and g = vδ modulo π. Then g = uπ + vδ + πδθ
for some θ ∈ A. Thus g = (u+ δθ)π + vδ and hence, by replacing u with u+ δθ, we
assume that g = uπ + vδ with u, v units in A. Since
q ⊥< −g >= φ0 ⊥ φ1π ⊥ φ2δ ⊥ φ3πδ− < uπ + vδ >
is isotropic over Kπ and Kδ, by taking the residues at π and δ, we see that φ1
represents u and φ2 represents v and hence q represents g = uπ + vδ. 
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Lemma 8.2. Let A be a complete regular local ring of dimension two with maximal
ideal m = (π, δ), field of fractions K and residue field κ. Suppose that κ is a finite
field of characteristic not equal to 2. Let q1 =< a1, · · · , a6 > and q2 =< b1, b2, b3 >
be quadratic forms over K with ai, bj ∈ A square free and q1 anisotropic. Suppose
that the only primes in A which divide a1 · · ·a6b1b2b3 are at most π and δ. Suppose
that the dimensions of the first residues (cf. [23], Chapter 6, §2, 2.5, page 209) of
q1 ⊥ −q2 at π and δ are at least 5 and the dimensions of the first residues of q1
and q2 at π and δ are at least 1. Then there exists x ∈ A6 and y ∈ A3 such that
q1(x) = q2(y) is either a unit in A or of the form uπ + vδ for some units u, v ∈ A∗.
Proof. Since the only prime divisors of a1 · · · a6b1b2b3 are at most π and δ, we write
q1 ≃ φ0 ⊥ φ1π ⊥ φ2δ ⊥ φ3πδ and q2 ≃ ψ0 ⊥ ψ1π ⊥ ψ2δ ⊥ ψ3πδ, for some quadratic
forms φi and ψi which are regular on A. Since q1 is anisotropic, φi’s are anisotropic
over the residue field κ and hence of dimension at most 2, κ being a finite field. Since
the first residues of q1 ⊥ −q2 at π and δ are at least 5 dimensional, the dimensions of
φ0 ⊥ −ψ0 ⊥ φ2δ ⊥ −ψ2δ and φ0 ⊥ −ψ0 ⊥ φ1π ⊥ −ψ1π are at least 5. In particular
either the dimension of φ0 ⊥ −ψ0 is at least 3 or the dimensions of φ1 ⊥ −ψ1 and
φ2 ⊥ −ψ2 are both at least 3.
Suppose that the dimension of φ0 ⊥ −ψ0 is at least 3. Since the dimension of φ0 is
at most 2, the dimension of ψ0 is at least 1. If the dimension of φ0 is at least 1, then
φ0 and ψ0 represents a common unit over A, which is a common unit value of q1 and
q2. If the dimension of φ0 is zero, then the dimension of ψ0 is 3. Then, q2 = ψ0 is
isotropic over A and represents every element of K. In this case the dimensions of
φ1, φ2 are equal to 2 and they represent all units in A. In particular, q1 represents
uπ + vδ for any pair of units u, v ∈ A, which is also a value of q2.
Suppose that the dimension of φ0 ⊥ −ψ0 is at most 2. Then the dimensions of
φ1 ⊥ −ψ1 and φ2 ⊥ −ψ2 are at least 3 and hence isotropic. Since the first residues
of q2 at π and δ are of dimensions at least 1, the dimensions of ψ1 and ψ2 are at
most 2. Hence φ1, φ2, ψ1, ψ2 are of dimension at least 1 and φ1 ⊥ −ψ1, φ2 ⊥ −ψ2
are isotropic. Hence φ1 and ψ1 represent a common unit u and φ2 and ψ2 represent
a common unit v over A. In particular q1 and q2 represent uπ + vδ over A. 
Proposition 8.3. (cf. [17], Proposition 4.5) Let K be a function field of a curve
over a p-adic field k. Suppose that p 6= 2. Let ζ = (f) · (a) · (b) ∈ H3(K,µ2) and
c1, c2, c3 ∈ K∗. Then there exists g ∈ K∗ which is a value of the quadratic form
< c1, c2, c3 > such that ζ = (f) · (g) · (h) for some h ∈ K∗.
Proof. Let O be the ring of integers in k. Then there exists a regular excellent proper
integral two dimensional scheme X over O with function field K and the support of
f, a, b, c1, c2, c3 on X is a union of regular curves C1, · · · , Cn with normal crossings.
Let P be a finite set of closed points of X containing Ci ∩ Cj for all i 6= j and at
least one closed point from each of Ci. Let B be the semi-local ring at P. Then B is
a regular semi-local ring and hence a unique factorisation domain. For 1 ≤ i ≤ n, let
πi ∈ B be a prime defining Ci on B. For each P ∈ P, let BP denote the local ring
at P . If P ∈ Ci ∩ Cj for some i 6= j, then the maximal ideal mP of BP is generated
by πi and πj . Without loss of generality, we assume that f, a, b, c1, c2, c3 ∈ B and are
square free. Since the support of each of f , a, b, c1, c2, c3 on B is the union of Ci,
the only primes in B which divide any of f, a, b, c1, c2, c3 are among πi, 1 ≤ i ≤ n.
For 1 ≤ i ≤ n, choose ǫi ∈ {0, 1} as follows: If πi does not divide c1c2c3, then
ǫi = 0. Suppose that πi divides c1c2c3. If πi does not divide f , then ǫi = 1. If πi
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divides f and π2i does not divide c1c2c3, then ǫi = 0. If πi divides f and π
2
i divides
c1c2c3, then ǫi = 1. Let θ =
∏n
i=1 π
ǫi
i .
Let q1 =< 1,−f >< −a,−b, ab >, q2 =< c1, c2, c3 >, q′1 = θq1 and q′2 = θq2.
Let C = Ci for some i. Let q
′
1C and q
′
2C be the first residues of q
′
1C and q
′
2C at C
respectively. It is routine to check that q′1C and q
′
2C are at least one dimensional and
q′1C ⊥ −q′2C is of dimension at least 5. Let P ∈ C ∩P and BˆP the completion of BP
at its maximal ideal. Then, by (8.2), there exists xP ∈ Bˆ6P and yP ∈ Bˆ3P such that
q′1(xP ) = q
′
2(yP ) is either unit or uiπi + ujπj for some units ui, uj ∈ BˆP . For each i,
1 ≤ i ≤ n, let xiP ∈ (BˆP/(πi))6 and yiP ∈ (BˆP/(πi))3 be the images of xP and yP
respectively.
Suppose that κ(Ci) is a p-adic field. Then P is the only closed point of Ci and
κ(Ci) is the field of fractions of BˆP/(πi). Choose yi = xiP . Suppose that κ(Ci) is
the function field of a curve over a finite field. Let qCi = q
′
1 − q′2 be the image of
the quadratic form q′1 − q′2 in B/(πi). Note that qCi could possible be singular and
its non-singular part is q′1C − q′2C . Since the first residue of q′1 − q′2 at Ci is at least 5
dimensional, the non-singular part of qCi is isotropic over κ(Ci). For each P ∈ Ci∩P,
(xiP , yiP ) ∈ (BˆP/(πi))9 is an isotropic vector for qCi . By the weak approximation
for (isotropic) quadrics, there exist vectors xi ∈ κ(Ci)6 and yi ∈ κ(Ci)3 such that xi
and yi are ‘sufficiently’ close to xiP and yiP respectively for all P ∈ Ci ∩P. Since
xiP ∈ (BˆP/(πi))6 for any P ∈ Ci∩P and is close to xi, it follows that xi ∈ (BP/(πi))6
for all P ∈ Ci ∩ P and hence xi ∈ (B/(πi))6. Similarly yi ∈ (B/(πi))3. Since yi
is close to yiP modulo mP for all P ∈ Ci ∩ P, yi = yiP modulo mP . Since yiP is
the image of yP , yi = yj modulo mP for P ∈ Ci ∩ Cj for all i 6= j. Thus, by ([22],
Proposition 0.3), there exists a vector y ∈ B3 such that y = yi modulo πi for all i.
Let g′ = q2(y) and g = θg
′. We claim that (f) · (a) · (b) = (f) · (g) · (h) for some
h ∈ K∗.
Let α = (f) · (g). Then, to prove our claim, it is enough to show that for each
z ∈ X , there exists hz ∈ K∗z such that ζ − α · (hz) ∈ H3nr(Kz/Aˆz, µl).
It follows from by ([23], Chapter 4, p.145, Theorem 1.7) that over any field (f) ·
(a) · (b) = (f) · (g) · (h) if and only if g is a value of q1.
Suppose that z is a closed point of X . If z 6∈ Ci ∩ Cj for all i 6= j, then by
(2.4), ζ is unramified on Aˆz and hence ζ − α · (1) ∈ H3nr(Kz/Aˆz, µl). Suppose that
z ∈ Ci ∩ Cj for some i 6= j. By the choice of yi and yP , g′ ∈ BP is either a unit or
uPπi modulo πj or vPπj modulo πi for some units uP , vP at P . Since q
′
1 ⊥< −g′ >
is isotropic over Kπi and Kπj , by (8.1), q
′
1 ⊥< −g′ > is isotropic over KP . Hence
g′ is value of q′1 over KP . In particular, g = θg
′ is a value of q1 = θq
′
1 over KP and
(f) · (a) · (b) = (f) · (g) · (hP ) for some hP ∈ K∗P .
Suppose that z is a codimension one point of X . If z is not the generic point
of Ci for some i, then ζ is unramified at z and hence ζ − α · (1) ∈ H3nr(Kz/Aˆz, µl).
Suppose that z is the generic point of Ci for some i. By the choice of y, g
′ = q′2(y) is
a value of q′1 over KCi = Kz and hence g is a value of q1. Thus ζ = α · (hz) for some
hz ∈ K∗z . Hence, by (4.9), there exists h ∈ K∗ such that (f) · (a) · (b) − (f) · (g) ·
(h) ∈ H3nr(K/X , µl). Since H3nr(K/X , µ2) = 0 ([11], 5.2), we have ζ = α · (h) =
(f) · (g) · (h). 
Corollary 8.4. (cf., [17], 4.6) Let k be a p-adic field and K be a function field of a
curve over k. If p 6= 2, then u(K) = 8.
Proof. The proof follows as in ([17], 4.6) using 8.3 and ([16], 4.4). 
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